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We study the cooperation between coherent controls and noises in quantum metrology and show
that such cooperation can create multiple paths for parametrization in quantum metrology, which
goes beyond the standard scheme and opens new possibilities for achieving higher precision limits.
We demonstrate the effect of the cooperative interplays between coherent controls and the noises
through canonical examples in quantum metrology, and show that the cooperative scheme can beat
the standard scheme, and in certain regimes the precision limit under the cooperative scheme with
noises can surpass the ultimate precision limit of the standard scheme under the ideal unitary
dynamics.
Metrology, which studies the precision limit of mea-
surement and estimation, plays a central role in science
and technology. In recent years quantum metrology,
which exploits quantum mechanical effects to achieve
better precision than classical schemes, has gained in-
creasing attention and has found wide applications in var-
ious fields[1–33], such as gravitational wave detection[10,
11], quantum phase estimation[3, 7, 12, 13], quantum
imaging[14–18], quantum target-detection[25, 26], quan-
tum gyroscope[27] and atomic clock synchronization[19–
24, 34].
Standard schemes of quantum metrology, as shown
in Fig.1, can be explained with the canonical exam-
ple that uses spins to estimate the magnitude of a
magnetic field. Without noises, the dynamics of each
spin in the magnetic field is governed by the Hamil-
tonian H = Bσz, with B as the parameter to be es-
timated(here the gyromagnetic ratio of the spin has
been absorbed in B). If N spins are prepared in the
GHZ state, 1√
2
(|00 · · · 0〉 + |11 · · · 1〉), and evolves un-
der the dynamics for t units of time, the final state
is then 1√
2
(eiNBt|00 · · · 0〉 + e−iNBt|11 · · · 1〉), which has
the quantum Fisher information[35, 36] FQ = 4N
2t2.
According to the quantum Crame´r-Rao bound[35, 36],
the standard deviation of any unbiased estimator, δBˆ =√
E[(Bˆ −B)2], is lower bounded by the quantum Fisher
information as δBˆ ≥ 1√
mFQ
≥ 1√
m2Nt
, here m is the
number of times that the procedure is repeated. This
precision limit can be equivalently achieved by letting
a single spin evolving under the dynamics for T = Nt
units of time. The precision limit, 1√
m2T
, which is re-
ferred as the Heisenberg limit, provides the minimum
standard deviation for any unbiased estimator at any
given time T . It is also known that adding any coherent
controls alone can not surpass this limit, i.e., the Heisen-
berg limit, 1√
m2T
, can not be surpassed by adding extra
terms to the Hamiltonian(which makes the Hamiltonian
H = Bσz + HC(t) where HC(t) represents externally
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added control terms)[2, 37, 38]. We note that for differ-
ent Hamiltonians coherent controls may improve the pre-
cision limit[38–41], for example, it has been shown that
for some dynamics governed by time-dependent Hamil-
tonians, properly designed controls can improve the pre-
cision limit to a scaling of 1T 2 [40–42]. There are also
works on the effect of controls under noisy dynamics,
where different control techniques, including quantum
error correction[43–54], dynamics decoupling[55–60] and
optimal controls[61, 62], are explored to improve the pre-
cision limits. In general noises are regarded as harmful
and it is expected that the performance of controlled evo-
lution+noises is worse than the performance of the con-
trolled unitary evolution, controls are mainly employed to
either eliminate or suppress the noises in order to recover
the performance of the controlled unitary evolution.
FIG. 1. (a)parallel scheme and (b)controlled sequential
scheme. The two schemes are equivalent under unitary dy-
namics.
As a contrast, we show that there are very rich dynam-
ics provided by the interplay between coherent controls
and noises that can contribute to the parametrization.
Instead of suppressing the noises, controls can actively
make use of the noises. Under such cooperative scheme,
the precision limit may go beyond the limits of the stan-
dard schemes of quantum metrology. In particular we
show that although coherent controls and noises alone
may not improve the precision limit under a given evolu-
tion, the cooperative interplay between them can improve
the precision limit. We show that through the interplay
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2of coherent controls and noises, the parameter can be en-
coded into multiple components of the dynamics, which
differs from the standard schemes where the parameter is
usually only encoded in one part of the dynamics(either
in the Hamiltonian or in the noisy operator). This pro-
vides many possibilities to go beyond the precision limit
of the standard schemes. Through the canonical exam-
ples in quantum metrology, we show that the precision
limit in the cooperative scheme can beat the correspond-
ing value in the standard scheme and in certain regimes
it can even surpass the highest precision limit that can
be achieved under the controlled ideal unitary dynamics.
We note that there are studies on environment-assisted
quantum metrology[63, 64], where the environment is
assumed to be consisted with many spins that can not
be controlled individually(but may be controlled collec-
tively) and can be parameterized by the unknown field
as well[63, 64]. By designing proper pulses, the informa-
tion accumulated by the spins in the environment can be
transferred back to the probe state for the improvement
of the precision limit[63, 64]. These studies are differ-
ent from the cooperative scheme studied here, where we
do not assume that the environment is consisted of spins
that can participate in the parametrization on its own,
and the cooperative scheme works for markovian dynam-
ics where there is no back flow of information from the en-
vironment to the system as required in previous schemes.
We will use the example of estimating the magnitude
of a DC magnetic field with spins. Without noises, by
preparing a spin in the state 1√
2
(|0〉 + |1〉) and letting
it evolve under the dynamics governed by the Hamilto-
nian H = Bzσz for T units of time, we can get the final
state 1√
2
(eiBzT |0〉+ e−iBzT |1〉) with the quantum Fisher
information FQ = 4T
2, this leads to the Heisenberg limit
δBˆz ≥ 1√m2T [35, 36]. It has been shown that in this case
adding coherent controls or ancillary systems can not sur-
pass this limit[2, 37, 38]. We note that in some literatures
any precision limit scales as 1T is referred as the Heisen-
berg limit, in this article we will refer the Heisenberg limit
as the (exact)highest precision limit that can be achieved
under the controlled unitary dynamics at any given time
T . For example, for the estimation of the frequency of a
AC magnetic field considered in [40], this will correspond
to 1√
mBT 2
[40]. In this article we focus on the example of
estimating the magnitude of the magnetic field, however,
the cooperative interplays can be similarly exploited in
other scenarios.
In practise, noises are unavoidable. Two type of noises,
the spontaneous emission and the dephasing, are typi-
cally considered. Under the spontaneous emission, the
dynamics of the spin can be described by the master
equation
ρ˙ = −i[Bzσz, ρ] + γ
[
σ−ρσ+ − 1
2
{σ+σ−, ρ}
]
, (1)
where σ± = (σx ± iσy)/2 is the raising and lowering op-
erator in the basis of |0〉 and |1〉. Under this dynamics
the maximal quantum Fisher information that can be
achieved at time T is FQ = 4e
−γTT 2[65], which is always
smaller than the Heisenberg limit 4T 2. Similarly at the
presence of dephasing noise, ρ˙ = −i[Bzσz, ρ]+ η2 (σzρσz−
ρ), the maximal quantum Fisher information that can be
achieved at time T is FQ = 4e
−2ηTT 2[65], which is also
always smaller than the Heisenberg limit.
In general given a dynamics
ρ˙ = −i[H(Bz), ρ] +
∑
i
γi[LiρL
†
i −
1
2
(L†iLiρ+ ρL
†
iLi)],(2)
the coherent and the noisy dynamics are usually ’inde-
pendent’ of each other, typically only one part of the dy-
namics contributes to the parametrization of the probe
state. However, by adding proper coherent controls, as
we are going to show, the coherent part and the noisy
part can contribute to the parametrization of the probe
state cooperatively. This provides many new possibili-
ties that go beyond the standard scheme. We demon-
strate the cooperative scheme by the canonical examples
of using the spins to estimate the magnetic field.
First consider the dynamics with the spontaneous
emission. Without coherent controls, the lowering and
raising operator, σ− = |0〉〈1| and σ+ = |1〉〈0| in Eq.(1),
are independent of the magnitude of the magnetic field,
the parameter is then only encoded in the Hamiltonian.
However, if we add a (known) control field along the X-
direction, this changes the Hamiltonian to
H = Bzσz +Bxσx. (3)
The ground and excite states of the Hamiltonian then
become |g〉 = − sin θ2 |1〉 + cos θ2 |0〉 and |e〉 = cos θ2 |1〉 +
sin θ2 |0〉 respectively, here θ = arctan BxBz . This new basis,|g〉 and |e〉, contain the unknown parameter Bz. At the
presence of the spontaneous emission, which induces the
decay from the excited state to the ground state, the
dynamics is described by
ρ˙ = −i[H, ρ] + γ(σH− ρσH+ −
1
2
{σH+ σH− , ρ}), (4)
where σH+ = |e〉〈g|, σH− = |g〉〈e| are in the new basis of
{|g〉, |e〉}, which contain the parameter. The interplay
between the coherent control and the decay thus encodes
the parameter into multiple components of the dynam-
ics, which can contribute to the parametrization of the
probe state cooperatively to achieve higher precision lim-
its than the standard scheme. To see the precision limit
that can be achieved under this cooperative scheme, we
first prepare the probe state as |0〉+|1〉√
2
in the original ba-
sis, then add the control field and let the spin evolve un-
der the dynamics governed by Eq.(4) for T units of time.
Detailed derivation can be found in the supplementary
material. In Fig.2 we plotted the quantum Fisher in-
formation under the cooperative scheme and compared
it with the standard scheme without coherent controls,
and also the Heisenberg limit under the unitary dynam-
ics. From Fig.2 we can see that the cooperative scheme
3beats the standard scheme, and the precision limit can
even surpass the Heisenberg limit in the regime of small
T . We note that this regime is where quantum metrology
is mostly used in practical experiments where noises and
phase ambiguity are present.
FIG. 2. Quantum Fisher information for the system with the
spontaneous emission, under the cooperative and the stan-
dard schemes respectively, where Bz = 0.1, Bx = 0.1, γ = 0.5.
The Heisenberg limit under the unitary dynamics is also plot-
ted for comparison.
Similarly, for the case with the dephasing noise, after
adding a control field along the X-direction, the dynam-
ics becomes
ρ˙ = −i[Bzσz +Bxσx, ρ] + η
2
(σnρσn − ρ), (5)
where σn =
Bzσz+Bxσx√
B2z+B
2
x
is along the direction of the total
field. This change of dynamics is nothing but the change
of the axis of the spin along the field. To see the effect
of the interplay we also first prepare the probe state as
|0〉+|1〉√
2
in the original basis, then add the control field
and let the spin evolve under the dynamics governed by
Eq.(5) for T units of time. The effect of the interplay in
this case can be seen from the Fig.3, where the coopera-
tive scheme not only achieves higher precision limit than
the standard scheme but also beats the Heisenberg limit
in small time regime where practical quantum metrology
is mostly used when noises are present.
In general the decay rate can also depend on the pa-
rameter. For example, if the environment is in the ther-
mal state at temperature Te, the dynamics of the spin is
then
ρ˙ =− i[Bzσz +Bxσx, ρ] + γH+ (σH+ ρσH− −
1
2
{σH−σH+ , ρ})
+ γH− (σ
H
− ρσ
H
+ −
1
2
{σH+ σH− , ρ}),
(6)
where γH+ = γ0N and γ
H
− = γ0(N + 1) with N =
1
eω/Te−1 (here we have taken ~ as 1) and γ0 =
4ω3|~d|2
3
FIG. 3. Quantum Fisher information for the system with
the dephasing noise, under the cooperative and the standard
schemes respectively, where Bz = 0.1, Bx = 0.1, η = 0.5. The
Heisenberg limit under the unitary dynamics is also plotted
for comparison.
with ~d as the dipole operator and ω = 2
√
B2z +B
2
x is
the energy gap between the excited state and the ground
state[66]. In this case the decay rate γ also encodes the
parameter which provide additional component that con-
tribute to the parametrization. Fig.4 shows the effect
when this additional component is included.
FIG. 4. Quantum Fisher information under the cooperative
scheme with the environment in the thermal state, where
Bz = 0.3, Bx = 0.1, |~d| = 2, Te = 0. The Heisenberg limit
under the unitary dynamics is also plotted for comparison.
For multiple spins, it has been shown that under the
unitary dynamics couplings between the spins do not help
improving the precision limit[2, 37]. While with the inter-
play of controls and noises, the couplings can help shap-
ing the ground and excited states, which can make them
potentially more sensitive to the parameter. In partic-
ular, with the couplings, the ground and excited states
4can be entangled, which can induce non-local dynamics
that can be exploited to improve the precision limit. For
example, consider a two-spin system where the Hamilto-
nian is
H = Bz(σ
1
z + σ
2
z) + σ
1
zσ
2
z , (7)
here σ1z = σz ⊗ I2 and σ2z = I2 ⊗ σz, I2 denotes the 2× 2
identity matrix and the Hamiltonian is written in the
units such that the coupling strength between two spins
is 1.
Under the unitary dynamics, the highest precision
limit is achieved by preparing the probe state as |00〉+|11〉√
2
,
which has the maximal quantum Fisher information
FQ = 16T
2 at time T . We note that in this case the cou-
pling does not help improve the precision limit, the same
precision can be achieved without the coupling, i.e., when
the Hamiltonian is just Bz(σ
1
z + σ
2
z), the maximal quan-
tum Fisher information can also reach 16T 2 by preparing
the probe state as |00〉+|11〉√
2
[2].
Now consider adding a small control field Bx  1 along
the transverse direction,
H = σ1zσ
2
z +Bz(σ
1
z + σ
2
z) +Bx(σ
1
x + σ
2
x), (8)
and assume the system is in contact with a cool reser-
voir which induces decays between the eigen-states of the
system as shown in Fig.5, where Ek, k ∈ {1, 2, 3, 4}, are
eigen-energies of H and E1 < E2 < E3 < E4. The
dynamics of this system can then be described by the
master equation
ρ˙ = −i[H, ρ] + L(ρ), (9)
where L(ρ) =
∑
(i,j)∈A γij
(|Ej〉〈Ei|ρ|Ei〉〈Ej | −
1
2{|Ei〉〈Ei|, ρ}
)
, A = {(4, 3), (4, 2), (3, 2), (3, 1)}, |Ei〉,
i ∈ {1, 2, 3, 4}, are the energy eigenstates of the systems,
γij =
4ω3ij |~d|2
3 are decay rates induced by a cool reservoir
with ωij = Ei − Ej .
FIG. 5. Decay channels induced by a cool reservoir.
To see the effect of the cooperative scheme, we prepare
the initial state as |00〉+|11〉√
2
in the computational basis
then add the control field along the transverse direction
and let the system evolve under the dynamics governed
FIG. 6. Quantum Fisher information of the cooperative
scheme and the Heisenberg limit for different Bz, where
Bx = 0.1, t = 1, |~d| = 10.
by Eq.(9). In Fig.6, we plotted the quantum Fisher in-
formation at a fixed time t = 1 for different Bz, it can
be seen that the quantum Fisher information surpasses
the highest precision limit under the ideal unitary dy-
namics when Bz ∈ [0.89, 1, 14]. We note that when Bz
is outside of this region, we can always shift it into this
region by adaptive controls, in the asymptotical limit the
precision limit can achieve the maximal value at Bz ≈ 1.
Here the point Bz = 1 actually corresponds to a criti-
cal point around which the ground state is most sensi-
tive to the parameter[67]. In the appendix we show that
the quantum Fisher information of the ground state is
approximately
2B2x
(2B2x+(−1+Bz)2)2 , which achieves the max-
imal value at the critical point. By tuning the controls,
we can adjust the highest QFI of the ground state(which
we denote as Fmax = maxBz FQ(|g〉)) and the width of
the region around Bz ≈ 1 that has the QFI surpassing
the Heisenberg limit 16T 2(which we denote as W = the
length of the region A = {Bz|FQ(|g〉) ≥ 16T 2}). From
the QFI of the ground state, we can get a relation be-
tween Fmax and W as
W 2
4
=
1√
Fmax
(
1
4T
− 1√
Fmax
),∀Fmax > 16T 2. (10)
This is a trade-off relation between Fmax and W and by
changing the controls we can adaptively tune between W
and Fmax. In practise, the unknown region for the value
of the parameter may be relatively wide at the begin-
ning, we can then use a relatively bigger control field,
which has a smaller Fmax but a bigger W , to accommo-
date the relatively wide region; after collecting certain
amount of measurement data which narrows down the
unknown region, we can then adaptively weaken the con-
trol field for bigger Fmax. We note that in the stan-
dard scheme the term contains the parameter, which
is Bz(σ
1
z + σ
2
z), acts on the probe state locally, whose
precision is thus bounded by the Heisenberg limit[68].
5The Heisenberg scaling as 1N is obtained by assuming
the operator containing the parameter acts on the spins
locally[68], as shown in Fig.(1). However, under the co-
operative scheme, the ground state becomes entangled,
which, under the interplay between coherent controls and
the decay, induces non-local dynamics. The cooperative
scheme can thus turn local parametrization in the stan-
dard scheme to non-local parametrization, which then
provides possibilities to go beyond the limit of the stan-
dard scheme. More gains are expected with more spins
under the cooperative scheme with properly designed in-
terplays between coherent controls and noises.
Summary: Given a dynamics with an unknown param-
eter, such as
ρ˙ = −i[H(Bz), ρ] +
∑
i
γi[LiρL
†
i −
1
2
(L†iLiρ+ ρL
†
iLi)],
we showed that with proper coherent controls, it is pos-
sible to encode the unknown parameter, which is only
the Hamiltonian originally, into multiple components of
the dynamics. This can achieve much higher precision
limit than the standard scheme. The focus of the co-
operative scheme is now on the design of the controls to
better encode the parameter into multiple components of
the dynamics, this opens new directions for the studies
of quantum metrology. Under the cooperative scheme,
many elements of the dynamics, such as the couplings
and noises, become active players, as opposed to the pas-
sive roles played in the standard scheme. This article
focuses on demonstrating the idea, aiming to show the
possibility of achieving precision limits beyond the stan-
dard scheme. We expect this will lead to investigations
of the full potential of the cooperative scheme and new
ultimate precision limits that go beyond the standard
scheme.
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In the supplemental material, we give detailed calculations on the quantum Fisher information for the spin systems
in the main text.
Appendix A: Quantum Fisher information for the single spin system under the cooperative scheme
With the spontaneous emission, the dynamics of the spin in the standard scheme is described by the master equation
ρ˙ = −i[Bσz, ρ] + γ
[
σ−ρσ+ − 1
2
{σ+σ−, ρ}
]
, (A1)
where σ± = (σx ± iσy)/2 is the raising and lowering operator in the basis of |0〉 and |1〉. If we add a (known) control
field along the X-direction, this changes the Hamiltonian to
H = Bzσz +Bxσx, (A2)
7the ground and excite states of the Hamiltonian then become |g〉 = − sin θ2 |1〉+ cos θ2 |0〉 and |e〉 = cos θ2 |1〉+ sin θ2 |0〉
respectively, here θ = arctan BxBz . At the presence of the spontaneous emission which induces the decay from the
excited state to the ground state, the dynamics becomes
ρ˙ = −i[H, ρ] + γ(σH− ρσH+ −
1
2
{σH+ σH− , ρ}), (A3)
where σH+ = |e〉〈g|, σH− = |g〉〈e| are in the new basis of {|g〉, |e〉}, which contain the parameter. This dynamics has a
stead state |g〉 which has the quantum Fisher information
FQ(|g〉) = 4(〈∂Bzg|∂Bzg〉 − |〈∂Bzg|g〉|2) (A4)
=
B2x
(B2x +B
2
z )
2
. (A5)
To see the effect of the cooperative scheme, we first prepare the initial state as |ψ〉 = |0〉+|1〉√
2
in the original basis
then add the coherent controls along the X-direction and let the state evolve under the dynamics governed by Eq.(A3)
for T units of time. In this case the state at time T can be analytically obtained, which, in the basis of {|g〉, |e〉}, can
be written as
ρT =
(
1
2 (1 + sin θ)e
−γT 1
2 cos θe
− 12 (γ+4i∆)T
1
2 cos θe
− 12 (γ−4i∆)T 1− 12 (1 + sin θ)e−γT
)
, (A6)
where ∆ =
√
B2z +B
2
x. It can also be written in the original basis of {|0〉, |1〉} through the transformation( |e〉
|g〉
)
=
(
cos θ2 sin
θ
2
− sin θ2 cos θ2
)( |1〉
|0〉
)
. (A7)
The quantum Fisher information of ρT can be obtained from FQ = Tr[(∂BzρT )
2] +
Tr[(ρT ∂BzρT )
2]
Det[ρT ]
[69], which gives
FQ(ρT ) =
1
16∆2
{
e−γT (−24 sin θ + 8 sin 3θ + 8 cos 2θ(4∆2T 2 + 1) + cos 4θ(8∆2T 2 − 1)
+ 24∆2T 2 + 64∆T sin θ cos2 θe−
1
2γT sin(2∆T )(sin(θ)− eγT + 1)+
32 sin2 θe−
1
2γT cos(2∆T )(sin θ(eγT − 1)− 1)− 16(sin θ + 2) sin3 θ sinh(γT )
− 8 sin2 θ(−4 sin θ + cos 2θ − 5) cosh(γT ) + 2 sin2(2θ) cos(4∆T )− 7)}
(A8)
The value is plotted in the figure of the main text. This is consistent with the QFI of the ground state, as in the limit
of T →∞,
lim
T→∞
FQ(ρT ) =
1
∆2
{−1
2
(2 + sin θ) sin3 θ − 1
4
sin2 θ(−4 sin θ + cos 2θ − 5)}
=
sin2 θ
∆2
=
B2x
(B2x +B
2
z )
2
,
(A9)
which is just the QFI of the ground state |g〉. The quantum Fisher information of |g〉 gets larger when Bz gets
smaller, the improvement of the cooperative scheme is thus most obvious in the region of small Bz, which is the
region quantum metrology is mostly used for. If Bz is not small, we can always using adaptive controls to shift Bz,
by adding control fields along the opposite direction.
The expression for FQ(ρT ) is quite complicated, however for the short time limit, we can approximate FQ(ρT ) with
the low order Taylor expansions to gain some insights. The first and second order can be obtained by calculating the
first and second derivatives as
F˙Q(0) ≡ ddT FQ(ρT )
∣∣
T=0
= γ sin
2(θ) cos2(θ)
∆2 = γ
B2xB
2
z
(B2x+B
2
z)
3 (A10)
F¨Q(0) ≡ d2dT 2FQ(ρT )
∣∣
T=0
=
γ2(16 sin3(θ)−10 cos(2θ)+3 cos(4θ)+7)
8∆2 + 8 =
γ2 sin2 θ
2∆2 (6 sin
2 θ + 4 sin θ − 1) + 8. (A11)
Therefore the Taylor expansion of quantum Fisher information can be written as
FQ(ρT ) = F˙Q(0)T +
1
2
F¨Q(0)T
2 + o(T 3)
= 4T 2 +
γ sin2(θ) cos2(θ)
∆2
T +
γ2 sin2 θ
4∆2
(6 sin2 θ + 4 sin θ − 1)T 2 + o(T 3)
(A12)
It is now obvious that FQ can surpass the Heisenberg limit, 4T
2, at the small time regime, and the improvement
increases with strength of the decay, i.e., the noisier the better.
8Appendix B: Quantum Fisher information of the ground state for the two-spin system
We consider a two-spin system where the Hamiltonian is
H = Bz(σ
1
z + σ
2
z) + σ
1
zσ
2
z , (B1)
which is written in the units for the coupling strength between two spins equals to 1, here σ1z = σz⊗I2 and σ2z = I2⊗σz,
I2 denotes the 2× 2 identity matrix. In this case the Heisenberg limit can be achieved by preparing the probe state
as |00〉+|11〉√
2
, which has the maximal quantum Fisher information J = 16T 2 at time T . Under the unitary dynamics
the coupling term only changes the global phase, the same precision limit can be achieved if the Hamiltonian is just
Bz(σ
1
z + σ
2
z), i.e., the coupling is not useful in improving the precision limit[2, 37, 38]. Now consider the cooperative
scheme where we add a small control field Bx  1 along the transverse direction, the Hamiltonian becomes
H = σ1zσ
2
z +Bz(σ
1
z + σ
2
z) +Bx(σ
1
x + σ
2
x). (B2)
We can write the effective Hamiltonian on the two lowest energy levels as[67]
Heff = −|Bz|I + (1− |Bz|)σz +
√
2Bxσx (B3)
where I denotes the identity operator. The two lowest energy states of this effective Hamiltonian are |g〉 = − sin θ2 | ↑
〉 + cos θ2 | ↓〉, |e〉 = cos θ2 | ↑〉 + sin θ2 | ↓〉, here | ↑〉 = |11〉, | ↓〉 = |01〉+|10〉√2 , tan θ =
√
2Bx
1−Bz , θ ∈ [0, pi]. These states
can be taken as a good approximation of the two lowest energy states of the full Hamiltonian. The quantum Fisher
information of this approximated ground state can be analytically obtained as
2B2x
(2B2x+(−1+Bz)2)2 , which achieves the
maximum at the critical point Bz = 1. We also compute the quantum Fisher information of the ground state of the
full Hamiltonian numerically and from the Fig.7, it can be seen that the ground state of the effective Hamiltonian is
very close to the exact solution.
FIG. 7. QFI of the ground states with the effective Hamiltonian and the exact Hamiltonian, with Bx = 0.1
